International Series of Numerical Mathematics, Vol. 123, © 1997 Birkhiuser Verlag Basel

Integral inequalities for algebraic polynomials

Gradimir V. Milovanovié

Abstract

In this paper we consider two extremal problems for algebraic polynomials
in L? metrics.

(1) Let P, be the class of all algebraic polynomials P(z) = ZZ:O arT
of degree at most n and ||P|lge = (fmlP(:r)[zda(x))l/z, where do(z) is a
nonnegative measure on R. We determine the best constant in the inequality
lak| < Chx(do)||Pllds, for k = 0,1,...,n, when P € P, and such that
P(&x) =0,k =1,...,m. The cases Cp n(do) and Ch ,—1(do) were studied
by Milovanovi¢ and Guessab [5], and only for the Legendre measure by Tariq
[9].

(2) Let PN be the set of all monic algebraic polynomials of degree N
and €, be Mth roots of unity, i.e., e; = exp(i2ns/M), s =0,1,...,M — 1.
Polynomials orthogonal on the radial rays in the complex plane with respect
to the inner product

(f,9) = / (Z f(zes)g(zes ) (z) dz

have been introduced and studied recently in [3]. Here, w is a weight function
and 0 < a < +00. We consider the extremal problem

5, [(E )

as well as some inequalities for coefficients of polynomials under some re-
strictions of the polynomial class.

1. Introduction

Let P, be the class of algebraic polynomials P(x) = 5 axz”* of degree at most
k=0

n. The first inequality of the form |ax| < C), || P|| was given by V.A. Markov [2].

Namely, if

1Pl =11Plloc = max |P(z)
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and Tp(z) = ) t, 2" denotes the n-th Chebyshev polynomial of the first kind,
v=0
Markov proved that

lax| < ltnk] - | Ploo if n — k is even,
U= tnc1k| - I|Plloe if n — Kk is odd.

Precisely,
2k—1l)nk

okl < —3

( n+k—2 1y
— )

n
Dy = < (nT—k)'

e
(n—1)>—<& if n—k is odd.
n—k—1 |,
(=)
For k = n (1.1) reduces to the well-known Chebyshev inequality
|an| < 277 Plloo (1.2)

1Plloo, (1.1)

where

if n—k is even,

Using a restriction on the polynomial class, inequality (1.1) could be im-
proved. For example, taking P(1) = 0 or P(—1) = 0, Schur [8] found the following
improvement of (1.2)

2n
_ T
lan| <27 1<cos E) | P oo-

This result was extended later by Rahman and Schmeisser [7] for polynomials with
real coefficients, which have at most n — 1 distinct zeros in (—1,1).

Our interest are the corresponding inequalities in L? norm. Such one result
was obtained by Labelle [1]

1-3-5---(2k — 1) N2 ([(n—k)/2] +k+1/2
W (“ 5) ( (o — k)/2]
where P € P,, 0 <k <n,

lak| <

)||P||2, (1.3

1/2

Pl =Pl = [ 1Pwra)

and the symbol [z] denotes the integral part of z. Equality in this case is attained
only for the constant multiplies of the polynomial

[(n—Fk)/2]
> GU%@H&k+U(

v=0

k+v—1/2
v

)Pk+2,,(a:),

where P,,(x) denotes the Legendre polynomial of degree m.
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This result was improved by Tariq [9]. Under restriction P(1) = 0, he proved

that
n (@2n) [2n+1\'?
onl € 7 gz () 1Pl (14)

with equality case

P(z) = 2—: 2 +1)P,(x
=0

In comparing with (1.4), we note that in inequality (1.3) for £ = n the factor
n/(n+ 1) does not exist. Tariq also obtained that

n? + 2)1/2 m—2)  [2n—1\"?
sl < CEA I (22 WPl 09

with equality case

n—2

712 V:0(21/ + 1)P,(x).

2n+1
n2 + 2

P(z) = Po(x) = Ppi(x)

In the absence of the hypothesis P(1) = 0 the factor (n?+2)1/2/(n+ 1) appearing
on the right-hand side of (1.5) is to be dropped.

Recently, Milovanovi¢ and Guessab [5] have extended this result to polyno-
mials with real coefficients, which have m zeros on real line.

In this paper we consider more general problem including L? norm of poly-
nomials with respect to a nonnegative measure on the real line R and we give
estimates for all coefficients. Also, we consider extremal problems for polynomials
with respect to an inner product defined on the radial rays in the complex plane.
Polynomials orthogonal with respect to such a product have been introduced and
studied in [3].

2. Estimates for coefficients

For ¢, € C, k =1,...,m, we consider a restricted polynomial class
Prlli,.. . 6m) ={P€P,|P&)=0,k=1,...,m} (0 <m <n).

In the case m = 0 this class of polynomials reduces to P,. If & = -+ =& =&
(1 < k < m) then the restriction on polynomials at the point £ = ¢ becomes

P(§) = P(§) =+ = Pt (g) =o0.
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Let

H(ZL‘ —&)=a2™ — sz 4 ()™ sz 4 (1) sy,

i=1

where s denotes elementary symmetric functions of &1,...,&,, i.e.,

sk:Z§1---§k for k=1,...,m. (2.1)

For k =0 we have sp = 1, and s, =0 for k > m or k < 0.

Let do(x) be a given nonnegative measure on the real line R, with compact
or infinite support, for which all moments ux = [ 2*do(z), k = 0,1,..., exist
and are finite, and pg > 0. In that case, there exist a unique set of orthonormal
polynomials 7,(-) = m,(:;do), n = 0,1,..., defined by

Tn(z) = B (do)z™ + b, (do)z™~ L + -+ + BV (do),  b(do) > 0,
(7Tn77rm) - 6nm7 n,m Z 0,

where
(f9) = / f@e@do(z)  (f,g € IA(R)). (2.2)

Also, we put

IPllas = /(P,P) = ( /R |P(z))? da(x)) " (2.3)

We mention first that every polynomial P(z) = }_ a,z" € P,, can be repre-
v=0
sented in the form

n
P(z) = Za,ﬂr,,(a:; do),
v=0
where a,, = (P,7,), v =0,1,...,n, and the inner product is given by (2.2). Then
we have

k k
Gk =Y anib ) (do) = <P,Zb§7_;”(da)7rn_i) C k=0,1,...,n, (2.4)

=0 1=0

where 7,(-) = m,(-;do). If we suppose that P € P, (&1, ... ,&mn), then we have
P(z) = Q) [] (= ~ &), (2:5)
k=1

where Q(z) = al,_,, 2" ™ +al,_,, 12" ™ '+ ...+ af € Pr_m. Also, we have

H(a: —&) =2 = sz 4+ (D) sz 4 (—1) sy,

i=1
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where s, kK = 0,1,...,m, denotes elementary symmetric functions (2.1). Using
(2.5) we find that

On—k = Za’;l—m—i(_l)k_isk—ia k=0,1,...,n,

and a}, =0 for k < 0 and k£ > n — m. Now, the corresponding equalities (2.4) for
polynomial @ in the measure dé(x), given by

m

do(z) = H |z — &|?do(x) (2.6)

k=1

become

a;_m_iz(Q IA)S,L )7rn m— J) i=0,1,...,n—m,

O

where 7, (-) = m,(+; d6). According to (2.5), we have

k

Gk =Y (1) s Q,Zbg",:?ﬁ”n mej | =(@QWaim)  (27)
i=0 j=0
where
k .
Wom(z) = Z<~1)k-zsk_zzb§:’$z% ()
=0 7=0

k
= Y mmz “igp_ibl )
7=0

andi),(,“):Oforu<0.

Now, we can prove the following result:

Theorem 2.1. Let P € Pn(&,...,&m) and s1,...,8m be given by (2.1). If the
measure d6 () is given by (2.6) and ||P||4s is defined by (2.3), then

k , k 2\ 1/2
il < (S(D0 o) ) 1Pl 29
§=0 Ni=j
for k =0,1,...,n, where bf,‘ b4(do), v = 0,1,...,u, are the coefficients in the
orthonormal polynomzal () = mu(+;dd). Inequality (2.8) is sharp and becomes



22 G.V. Milovanovié

an equality if and only if P(x) is a constant multiple of the polynomial
k m

Zﬂ'n m— y Z( 1)k_i8k-’i[;£tn—_—n71n—_ij) H(-T-ék)

1=j k=1

Proof. Using Cauchy inequality from (2.7) we get

lan—k| < Cpn—kl@Qllas
where
ko, k 2\ 1/2
Cninet = Wamllis = (3 (-0 o777 ) )
=0 Nizj

Since

1QI2, = / Q(2)dé(z / P(@)Pdo(z) = || P2,

we obtain inequality (2.8). The extremal polynomial is

T Wn—m H T — gk O
k=1

For k = 0 and k = 1 this theorem gives the results obtained by Milovanovi¢
and Guessab [5] (see also [6], pp. 432-439). In the simplest case when do(t) = dt
on (—1,1), these results reduce to the Tariq’s inequalities (1.4) and (1.5).

3. Extremal problems on the radial rays

Let Py be the set of all monic algebraic polynomials of degree N and e, be Mth
roots of unity, i.e., e, = exp(i2ws/M), s =0,1,..., M —1. Polynomials orthogonal
on the radial rays with respect to the inner product

o= [ (Mgo f(xesﬁ;@)w(w) o (3.1)

have been introduced and studied recently in [3]. Here, w is a weight function and
0 < a < 400. The case a = +0o with an exponential weight gives the generalized
Hermite polynomials on the radial rays (see [4]).
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In this section we consider the following extremal problem

inf /0 ) (Ag ]P(a:ss)|2>w(a:) da. (3.2)

PePy

Theorem 3.1. Let 0 < a < +0c0. For each P € f’N we have
a JM—1
[ (X 1P uteydo = o 33)
0 s=0
where (mn) are monic orthogonal polynomials with respect to the inner product

(3.1). In (3.3) equality holds if and only if P(z) = mn(2).

Proof. Let P € Py and (Wk);::(’) be a sequence of the monic polynomials orthogonal
with respect to the inner product (3.1), where 0 < a < +oo. Then P(z) can be
expressed in the form

P(2) = Zcmrk(z),
k=0

where ¢, = (P, m)/||mk||%, k= 0,1,..., N. Notice that ¢y = 1. Since

N

1PI? =D lexPllmell® > lenPllanll? = llmn]l?,
k=0
we obtain (3.3), with equality if and only if P(z) = nn (). O

Using an explicit form of the norm in a particular case when M = 4 (see [3],
Remark 5.4) we obtain the following result:

Corollary 3.2. Let P € Py, N =4n+v, n = [N/4], and v € {0,1,2,3}. Then

| (1P@F +1PG)R + [P0 + [P(-ia))dr > L.

where

2
L4 2ﬁ14(k—u+1)
YUoN T\ M ks
for N >4, and Ly =4/(2N +1) if N <3.
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Taking an arbitrary polynomial P of degree N, i.e., P € Py, and using
Theorem 3.1 we can obtain an estimate for its leading coefficient ay like (1.2) or
(1.3) without the factor n/(n + 1).

N
Corollary 3.3. Let 0 < a < +00. For each Py(z) = Y ar2* € Py we have
k=0

12l

Il

lan| < (3.4)

where (mn) are monic orthogonal polynomials with respect to the inner product
(3.1). In (3.4) equality holds if and only if P(z) is a constant multiple of the
polynomial T (2).

We consider now a restricted class of polynomials of degree at most N such
that P(z) has a multiple zero of the order m in the origin z = 0. Denote this
class by Py. Evidently, each polynomial P € Py can be expressed in the form
P(z) = 2™Q(z), where Q € Pn_m.-

Introduce the weight function z — wy,(z) = z™w(x) on (0,a), where m € N,
and let (7x,m) 29 be the set of monic polynomials orthogonal with respect to the
inner product (3.1) with the weight function w,, instead of w. Then Corollary 3.3
can be interpreted in the following way:

Corollary 3.4. Let 0 < a < 400 and P be an arbitrary polynomial in Py. Then
for its leading coefficient the following inequality
P

lan| <

holds, with equality if and only if P(z) is a constant multiple of the polynomial
2N —m,m (2)-
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